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Magnesium alloys develop pronounced crystallographic texture and plastic anisotropy during rolling, which leads to earing during
deep drawing of the rolled sheets. This phenomenon is modelled for the magnesium alloy AZ31 using the ﬁnite-element method in con-
junction with a viscoplastic self-consistent texture model. To determine the model parameters the model is adjusted to measured stress–
strain curves in tension and compression. The predicted earing pattern is found to depend not only on the initial texture at the beginning
of the drawing process, but to a large extent also on the evolution of texture during drawing.
 2006 Acta Materialia Inc. Published by Elsevier Ltd.
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Due to their high speciﬁc strength and stiﬀness, magne-
sium sheets are attractive lightweight materials for automo-
tive and aircraft structures. However, their limited ductility
at room temperature and their unusual deformation behav-
ior impede their immediate application. For example, rolled
sheets exhibit strong anisotropy with a pronounced tension–
compression asymmetry, so that the plastic behavior cannot
be described adequately as vonMises plasticity or by its clas-
sical anisotropic extensions by Hill or Barlat. A prerequisite
for an extensive industrial use of magnesium sheets, how-
ever, is the availability of suﬃciently accurate plasticitymod-
els for the simulation of the subsequent forming processes,
e.g. of deep drawing. One particular question arising in this
connection is whether it suﬃces to model deep drawing with
a ﬁxed, though possibly complicated, anisotropic yield sur-
face, or whether the evolution of texture and yield surface
during the forming operation must be taken into account.
This question is discussed in the present paper on the
basis of the viscoplastic self-consistent texture model of1359-6454 2006 Acta Materialia Inc. Published by Elsevier Ltd.
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Open access uLebensohn and Tome´ [1] in combination with a modiﬁed
Voce-type law [2] describing the hardening of the slip and
twinning systems, and the predominant twin reorientation
scheme (PTR) for the inﬂuence of twinning on the orienta-
tion distribution [3]. Section 2 summarizes the essentials of
these models and their implementation in the commercial
ﬁnite element (FE) code ABAQUS/Explicit as a user-
deﬁned material routine (VUMAT). Section 3 describes
the tension and compression tests on the magnesium alloy
AZ31 together with the adjustment of the model parame-
ters. This analysis shows that the reason for the unusual
behavior of magnesium sheets, generally speaking, is
related to the slip and twinning systems of the hexagonal
crystal structure and, more speciﬁcally, to the basal texture
of rolled magnesium sheets, which allows twinning in com-
pression, but not in tension. In Section 4 the deep drawing
of a cup is simulated and the eﬀect of initial and evolving
texture on the earing behavior is demonstrated.
2. Models and implementation
2.1. The viscoplastic self-consistent model
The viscoplastic self-consistent (VPSC) texture model by
Lebensohn and Tome´ [1] is used for the simulation of the
deformation texture. The most important equations ofnder CC BY-NC-ND license.
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of the parameters and to allow an understanding of the
coupling with the FE code ABAQUS/Explicit.
In the VPSC model the texture is represented by a set of
crystal orientations, each orientation having a weight. The
response of a single crystal is described by a rate-sensitive
constitutive power law of the form
_eplij ¼ _c0
XS
s¼1
msijm
s
kl
ss
msmnr
0
mn
ss
 n1( )
r0kl ¼ M cðsecÞijkl ðr0Þr0kl ð1Þ
where _epl is the plastic strain rate of the grain, _c0 is a refer-
ence strain rate, ss is a reference stress for the slip or twin-
ning system s, S is the number of slip and twinning systems,
ms is the geometric Schmid tensor, r 0 is the deviatoric stress
tensor in the grain, n is the stress exponent andMc(sec) is the
so-called secant viscoplastic compliance tensor of the grain.
For twinning systems shear is only possible if the resolved
shear stress acts in one direction. Otherwise the contribu-
tion of the twinning system to the sum in Eq. (1) is set to
zero.
The relation between the macroscopic plastic strain-rate
tensor _Epl and the macroscopic stress deviator R 0 can also
be described by a macroscopic secant viscoplastic compli-
ance tensor Msec
_Epl ¼ MðsecÞR0 ð2Þ
Based on the Eshelby solution for an ellipsoidal inclusion
[4] and its (approximate) extension to power-law materials
[5], one obtains the relation between the macroscopic stress
deviator R 0 and the stress deviator r 0 in the grain
r0 ¼ BcR0 ð3Þ
where Bc is the accommodation tensor (see [1]), which also
enters into the self-consistent equation
MðsecÞ ¼ hMcðsecÞBci ð4Þ
where the brackets mean the average over all grains.
Provided that the macroscopic plastic strain rate is pre-
scribed, the stresses in each grain are calculated in the fol-
lowing iterative way: the iteration is started by making the
Taylor assumption that the strain rate in each grain is
equal to the macroscopic strain rate. The associated stres-
ses are calculated solving Eq. (1). Then the self-consistent
Eq. (4) is solved by two nested iterative procedures. In
the inner loop the crystal secant moduli Mc(sec) are calcu-
lated according to Eq. (1). As a ﬁrst guess forM(sec) a Voigt
average is used
ðMðsecÞÞ1 ¼ hðMcðsecÞÞ1i ð5Þ
Subsequently the value for M(sec) derived in the previous
step is used to calculate the accommodation tensor Bc.
Then Eq. (4) is solved iteratively by using the average
hMcðsecÞBci as an improved guess for M(sec). The iteration
is repeated until the average is equal with the input tensor
(within certain limits). Then the inner loop is terminated
and the new macroscopic stress is calculated with the new
M(sec)R0 ¼ ðMðsecÞÞ1 _Epl ð6Þ
In the outer loop the stress in each grain is recalculated and
the iterations are stopped if the average of the grain stresses
coincides with the macroscopic stress and if the micro-
scopic stresses converge.
2.2. The modiﬁed Voce hardening law
The reference stress for slip system s obeys the evolution
equation
_ss ¼ ds^
s
dC
X
s0
hss
0
_cs
0 ð7Þ
where _cs is the shear rate on slip system s and hss
0
is the
hardening matrix, the diagonal elements of which describe
self-hardening while the oﬀ-diagonal elements describe la-
tent hardening. For the hardening function s^s usually the
following form is used [2]:
s^s ¼ ss0 þ ðss1 þ hs1CÞ 1 exp 
hs0C
ss1
  
ð8Þ
with the parameters ss0, s
s
1, h
s
0 and h
s
1; C is the cumulative
shear on all slip systems of the grain.
2.3. The predominant twin reorientation model
Twinning is an important deformation mechanism in
magnesium alloys, especially at room temperature, and it
should therefore be considered in the simulation. For this
purpose the PTR-model of Tome´ et al. [3] is used in this
work, which is described brieﬂy in this section.
The rate at which the twinned volume fraction of a grain
changes is
_gn;ti ¼ _c
n;ti
cti
ð9Þ
Here _cn;ti is the shear rate of orientation n which is realized
by the twinning system ti and cti is the characteristic shear
of the twin. The volume fraction of twinned material in
grains of orientation n in relation to the whole polycrystal
changes at a rate
_f n;ti ¼ f n _gn;ti ð10Þ
where f n is the volume fraction of orientation n.
A summation over all twinning systems and orientations
gives the volume fraction FR of the twins of the polycrystal
F R ¼
X
n
f n
X
ti
gn;ti ð11Þ
where gn;ti is the time integral of _gn;ti . Further, the sum over
all grains that have already changed their orientation due
to twinning is calculated
F E ¼
X
m
f m ð12Þ
and used to deﬁne a threshold value
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where X and Y are model parameters to be determined la-
ter. In each time step the twinned volume fraction gn;ti of
each orientation is compared with the threshold value. If
gn;ti is greater than FT, the orientation of the grain is trans-
ferred to the orientation of the twin. As the texture is up-
dated after the calculation of the slip and twinning shear,
the value of FE changes during one deformation step and
therefore depends on the sequence at which the single ori-
entations are reoriented. Therefore this sequence is deter-
mined randomly in each deformation step.
A feature of the PTR-model is that mainly grains with
the highest deformation activity change their orientations.
Another characteristic is that, if FR grows faster than FE,
the threshold FT rises and the rate of orientation changes
due to twinning slows down.
2.4. Implementation in ABAQUS/Explicit
The implementation of texture models into FE codes is
an important issue for the description of the anisotropic
behavior of metals during forming operations. Pioneering
work in this ﬁeld was done by Mathur and Dawson [6]
and Mathur et al. [7], who used the Taylor full constraint
(FC) and reduced constraint (RC) assumptions for the sim-
ulation of rolling and wire drawing of face-centered cubic
(fcc) polycrystals. Kalidindi et al. implemented a Taylor
FC-based polycrystal model for fcc materials in a commer-
cial FE code [8]. Recently computation times of interactive
texture FE simulations based on the Taylor assumption
were reduced by the use of texture components for fcc
and base-centered cubic materials [9,10]. Two diﬀerent
implementations of the VPSC model in an FE code are
reported by Loge´ et al. [11] and Tome´ et al. [12]. The latter
was used for simulating a bending test of a zirconium beam
[13]. In the present work we use the explicit FE code ABA-
QUS/Explicit, which enables the implementation of user-
deﬁned material behavior by a user-supplied material
subroutine (VUMAT). This possibility is used to link the
texture model with the FE code as follows.
ABAQUS passes the total strain increment, DE, and the
stresses at each integration point to the VUMAT, in which
the new stresses are calculated and returned to the FE code.
Thus the task is to calculate the plastic strains DEpl and the
new stress deviator R 0 from the strain increments and from
the old stresses. Eq. (6) and Hooke’s law provide two equa-
tions for these two unknowns
R0tþDt ¼ ðMðsecÞÞ1
DEpl
Dt
ð14Þ
R0tþDt ¼ R0t þ CðDE0  DEplÞ ð15Þ
Here t is the time at the beginning of the increment, Dt is
the duration of the increment, the prime denotes the devi-
ator, DEpl is the tensor of the plastic strain increments and
C is Hooke’s elastic tensor. It should be mentioned thatHooke’s tensor is assumed here to give deviatoric stress if
applied to deviatoric strain. This is not generally true,
but it is guaranteed, for example, for isotropic elastic prop-
erties. This approximation appears to be justiﬁed, ﬁrst,
since magnesium is nearly isotropic elastically, and second,
since elastic strains are usually small compared with plastic
strains in forming operations. Eqs. (14) and (15) can be re-
solved for DEpl
DEpl ¼ ððMðsecÞÞ1 þ DtCÞ1ðR0t þ CDE0ÞDt ð16Þ
Now, the problem is similar to that described in Section 2,
where the plastic strain rate was prescribed. The only diﬀer-
ence is that now the plastic strain rate _Epl ¼ DEpl=Dt is not
given in advance, but must be calculated from Eq. (16) in
each iterative step with the current M(sec). This does not
change the convergence rate of the iteration procedure.
After convergence is achieved, the new stress deviator
R0tþDt is calculated from Eq. (15) and is passed back to
the FE code. The trace of the stress tensor can be calcu-
lated directly from the strain increment as
trðRtþDtÞ ¼ trðRtÞ þ 3K trðDEÞ ð17Þ
where K is the elastic bulk modulus. (Note that the trace of
the plastic strain tensor is zero due to plastic incompress-
ibility.) Again elastic isotropy is assumed.
Contrary to previous implementations of texture models
in FE codes [14], the present method provides the complete
response of the material without the necessity of using an
average Taylor factor.
3. Experimental results and determination of model
parameters
For the determination of the model parameters, experi-
ments were carried out using a commercially available hot
rolled sheet of the magnesium alloy AZ31 which had a
thickness of 2.7 mm and was supplied by EKO-Stahl. For
the determination of the orientation distribution function
(ODF), seven pole ﬁgures ({10.0}, {00.2}, {10.1}, {10.2},
{11.0}, {10.3} and {11.2}) at two diﬀerent positions over
the sheet thickness (center layer and 0.7 mm under the sur-
face) were measured using the radiation of a chrome anode.
The program Labotex was used for the calculation of the
ODFs, which are shown in Fig. 1, as well as for the calcu-
lation of the inverse (001) pole ﬁgures in Fig. 2.
The intensity is apparently centered around the Euler
angle U = 0, with little dependence on the two other Euler
angles. This is true for both locations at which the texture
was measured, and it means that the typical basal texture
of rolled sheets is observed: most grains have their c-axes
oriented approximately normal to the sheet plane.
Test specimens with the geometry shown in Fig. 3 were
cut from the sheets by electric discharge erosion, and
stress–strain curves were measured using a servo-hydraulic
testing machine and an extensometer having 10 mm gauge
length. Force and displacement were converted to true
stress and true strain in the range of uniform deformation.
Fig. 1. Orientation distribution functions (a) in the center layer and (b) 0.7 mm below the surface.
Fig. 2. Inverse (001) pole ﬁgure (a) in the center layer and (b) 0.7 mm
below the surface.
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compression tests. No substantial necking occurred in the
tensile tests, except directly prior to fracture. The resulting
stress–strain curves are shown in Fig. 4 together with the
calculated curves.
The model parameters are ﬁtted by adjusting the stress–
strain curves calculated from the model described in Sec-
tion 2 to the measured curves. The calculation uses the
measured initial texture discretized in 1000 single orienta-
tions. In accord with [15], three diﬀerent deformation
Fig. 3. Flat test specimen (thickness 2.7 mm) for tension and compression
tests.
Table 1
Parameter set used for the calculation of the stress–strain curves
Deformation mode Hardening parameters (MPa)
s0 s1 h0 h1
Basal 40 40 250 0
Second-order pyramidal 100 100 500 0
f0112gh0111i-Twinning 40 0 30 30
Fig. 5. Activity of the deformation modes during tension and compression
in the transverse direction. Due to the high activity of the twinning systems
under compression, the yield stress is lower than under tension.
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second-order Æc + aæ slip on {11.2}Æ11.3æ and twinning on
{10.2}Æ10.1æ. Fig. 4 shows the measured and calculated
results for the rolling and transverse directions.
The material exhibits an apparently signiﬁcant tension–
compression asymmetry in both the rolling and transverse
directions, with the initial yield stress for tension being
about twice that for compression. Further, it is noteworthy
that the parameter adjustment leads to an excellent agree-
ment of the calculated curves with the measured ones.
The corresponding hardening parameters of the deforma-
tion modes are given in Table 1. The elements of the hard-
ening matrix hss
0
are set to 1.0 except for the case that s 0 is a
twinning mode, for which hss
0
is set to 2.8. The parameters
of the PTR-model are set to X = 0.85 and Y = 2.25.
To get an impression how each deformation mode con-
tributes to the deformation Ai is deﬁned as the activity of
the deformation mode i
Ai ¼
P
n
P
si
cnsiw
nP
n
P
i
P
si
cnsiw
n
ð18Þ
Here cnsi is the slip on the slip system si, the indices i and n
correspond to the deformation mode and the orientation,
respectively, and wn is the weight of the orientation n.Fig. 4. Measured and calculated stress–strain curvesFig. 5 shows the activity of the deformation modes dur-
ing the tests in the transverse direction. This ﬁgure explains
the unusual mechanical behavior: in the compression test
twinning makes the greatest contribution to the deforma-
tion during the ﬁrst few per cent strain, while twinning can-
not be activated by tensile stresses in a polycrystal having a
basal texture. With increasing strain, however, the poten-
tial of twinning is also exhausted under compression, and
the stress increases beyond that of the tensile test since
the twin boundaries act as barriers for the dislocations.
The extreme eﬀect of twinning on the hardening of the
material is also demonstrated by the evolution of the yield
surface. For this purpose the r11–r22 sections of the yieldin the (a) rolling and (b) transverse directions.
Fig. 6. Calculated initial yield surface and yield surface after 13% tension
and 13% compression in the rolling direction, respectively.
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direction were calculated. The results are given in Fig. 6
together with the initial yield surface after rolling. While
tension leads to an expansion of the yield surface with only
little shape change, the shape changes drastically under
compression.
4. Simulation of deep drawing
In this section the inﬂuence of diﬀerent texture compo-
nents on the evolving earing proﬁle during deep drawing
is studied using the model parameters of AZ31. Further-
more, the question whether an update of the orientationFig. 7. FE model used for the deep drawing simulation.distribution function during deep drawing is necessary or
whether its eﬀect on the earing proﬁle is negligible com-
pared with a simulation with a ﬁxed texture is explored.
The FE model is shown in Fig. 7. A circular blank with
15 mm diameter and 0.32 mm thickness is drawn into a die
with 10 mm diameter over a drawing radius of 1 mm. The
punch has a 4.66 mm diameter and its radius of curvature
is 4.44 mm, and the friction coeﬃcient between the sheet
and the tools is set to 0.1. Only texture components with
suﬃciently high symmetry are considered, so that only a
quarter of the blank needs to be simulated. The mesh con-
tains 3900 solid brick elements of the type C3D8R with
four elements over the sheet thickness. This number of ele-
ments is a compromise between the requirements of captur-
ing gradients over the sheet thickness and reasonable
computation times. Punch and die are modelled as analyt-
ical rigid surfaces. No blankholder is used in the simula-
tion. Since this might raise concerns that the calculated
earing proﬁles are caused by buckling rather than by the
anisotropy of the material, a simulation with von Mises
plasticity was carried out. It did not show any earing,
which suggests that the earing proﬁles in the simulations
using the texture model are not artefacts due to buckling.
The simulations are carried out for simple texture compo-
nents and combinations of them. Each texture component is
represented by 10 single orientations scattering by 5 around
the ideal orientation speciﬁed shortly. The orientation is
characterized by the three Euler angles (/1,U,/2) applied
to the starting conﬁguration with the c-axis of the hexagonal
unit cell oriented in the sheet normal direction and the rolling
direction running through an edge of the hexagonal cell.
The following texture components and combinations
were examined: (0, 0, 0), (0, 90, 0), (0, 90, 90),
(0, 90, 0) + (90, 90, 0), (0, 90, 0) + (90, 90, 90),
(0, 90, 90) + (90, 90, 90) and (0, 0, 0) + (0, 0, 30).
The typical basal texture of rolled sheets is characterized
by U = 0; U = 90 means that the c-axis lies in the sheet
plane.
Fig. 8 shows the resulting earing proﬁles. Not unexpect-
edly, the proﬁles depend strongly on the initial texture.Fig. 8. Earing proﬁles for diﬀerent initial texture components and their
combinations.
Fig. 9. Earing proﬁles with and without texture update. (a) (0, 0, 0) texture component; (b) (0, 90, 0) texture component.
Fig. 10. Results of deep drawing simulation for (0, 0, 0) texture component (a) with and (b) without texture update.
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earing proﬁle, the simulations were repeated without
updating the orientation distribution function during deep
drawing. This corresponds to the use of a constitutive law
for the anisotropic yield surface without updating its shape
[16,17]. These simulations were carried out for the
(0, 0, 0) and for the (0, 90, 0) texture components. In
Fig. 9 earing proﬁles calculated with and without texture
update are compared. For the (0, 0, 0) basal texture com-
ponent the resulting cup after deep drawing is also shown
in Fig. 10 for the cases with and without texture update.
Since the assumed texture is rather sharp with a pre-
ferred orientation not only of the c-axes of the hexagonal
crystals but also of their hexagonal basal planes, the earing
proﬁles are very pronounced. In reality, textures are usu-
ally less sharp and hence the earing proﬁle will probably
be less pronounced. Unfortunately the authors were not
able to ﬁnd experimental results where the earing behavior
is related to the initial texture or where the texture evolu-
tion during deep drawing is observed. Apart from themagnitude of the earing eﬀect, a remarkable result of the
present calculations is that the analyses with and without
texture update can lead to totally diﬀerent earing proﬁles,
which diﬀer not only in height but also in the location of
the maxima and minima. This demonstrates the impor-
tance of updating the yield surface for materials in which
twinning contributes signiﬁcantly to plastic deformation,
such as magnesium alloys, zirconium and TWIP steels.
5. Summary and conclusions
Stress–strain curves in tension and compression of a
rolled magnesium AZ31 sheet were measured and modelled
using a viscoplastic self-consistent model. The unusual
behavior in compression can be explained by the participa-
tion of twinning in the deformation process. Since the sheet
with its basal texture does not contain grains that are
favorably oriented for twinning under tension, the harden-
ing curve in tension exhibits no such peculiarity. The mate-
rial parameters derived from the mechanical tests were used
874 T. Walde, H. Riedel / Acta Materialia 55 (2007) 867–874for a study of the earing behavior during deep drawing for
diﬀerent idealized textures. It could be shown that the ear-
ing proﬁle depends strongly on the texture and that the use
of an anisotropic constitutive law without texture update is
not suﬃcient to predict earing proﬁles if twinning takes
place during the deformation. Therefore the simulation of
forming processes of materials like magnesium alloys, zir-
conium and TWIP steels should consider the inﬂuence of
twinning and evolving texture carefully.References
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